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Abstract. The statistical properties of sparse random matrices ensembles are investigated
by means of a supersymmetric approach with the use of a functional generalization of the
Hubbard-Stratonovich (Hs) transformation. When used to calculate the density of states
the method is shown to be absolutely equivalent to the replica trick. The model turns out
to bear a close resemblance to the Anderson model on the Bethe lattice: it possesses a
delocalization transition that occurs with an increase in the ‘mean connectivity’ parameter.
In the delocalized phase the level-level correlation function proves to have a universal
(Dyson) form with the full density of states replaced by the contribution from the infinite
cluster.

1. Introduction

The problem of level correlations of large random matrices (Rm) has been investigated
intensively since the early 1950s [1-6]. There has been a considerable growth of interest
in this problem in the last decade due to the wide range of applications of rm theory
to different branches of physics [7-9], the theory of mesoscopic fluctuations in disor-
dered conductors [10] and the quantum mechanical aspects of chaos [11] can be
mentioned as examples in this respect.

The case of independent, identically distributed matrix elements is the simplest to
investigate, Assuming the distribution to be Gaussian three different RM ensembles
introduced by Wigner and Dyson are possible: the orthogonal ensemble (symmetric
matrices), the unitary ensemble (Hermitian matrices) and the symplectic ensemble
[4-6]. Expressions for the eigenvalue correlation functions for these ensembles were
presented in [2-4]. Dyson put forward the hypothesis that the form of the pair
correlation function of rm eigenvalues is universal, i.e. it does not depend on the
probability distribution of the rm elements and is determined by matrix symmetry
only. By using reasonable assumptions of different kinds this universality has been
proved in a number of papers [4, 12].

Efetov[13] suggested a method for investigating rM properties based on supersym-
metry which would enable the expressions for the eigenvalue correlators for the
previously mentioned ensembles to be derived more rigorously [13, 14]. Fairly recently
a new kind of ensemble (that of sparse rm) attracted the attention of physicists
[15, 16], due to its close connections with some spin-glass models {17], and combinatoric
optimization problems [18]. These N X N (N - ) real symmetric matrices have a
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finite mean number p of non-zero elements per row. The density of states (pos) for
such an ensemble was investigated in [15] by means of the replica trick, and an integral
equation was obtained giving the basic possibility of extracting the pos. An iteration
of this integral equation resulted in a perturbative expansion for the pos in powers
of 1/ p, with the leading term reproducing the pos of the Gaussian orthogonal ensemble
{GoE) (Wigner semicircular law). It is natural to study the question of the applicability
of the Dyson universality hypothesis to the ensemble of sparse M. This is the main
subject of the present paper.

As demonstrated in section 2, the ensemble of sparse RM is the only non-trivial
ensemble with independent identically distributed matrix elements that differs from
the Gaussian one. Besides, one of its interesting properties is the disintegration of a
random matrix into disconnected blocks of finite (i.e. much less than N) dimension
(finite clusters) when p <<p.= 1. Clearly, this should result in the absence of eigenvalue
correlations at distances of the order of 1/N. When p>p. a connected block of
dimension D~ N appears (infinite cluster). It is far from being clear whether the
Dyson universality [4, 12] is maintained under these conditions. All this gives a special
interest to the problem under investigation. Let us remind the reader that in accordance
with [14] the eigenvalue correlator could not be calculated correctly be means of the
replica trick. So, we use a supersymmetric approach to the problem following the ideas
in [13, 14].

The outline of the paper is as follows. In section 2 within the scape of supersymmetric
approach we rederive an integral equation which gives rise to the possibility of extracting
the pos which was previously derived in [15] by the replica trick. A power expansion
in p<« 1 reproduces a contribution of finite clusters into the pos. Section 3 is devoted
directly to the caleulation of the level correlator. The similarlity between the Anderson
model on the Bethe lattice and the model under investigation is revealed and it is
shown that the level-level correlation function has the Dyson form within the delocal-
ized phase with the full pos being replaced by the infinite cluster contribution to it.

When we had completed this work we learnt about a paper by Rodgers and De
Dominicis [19], where a supersymmetric method was applied to the calculation of the
pos of sparse rRm. However, the authors of [19] were able to show the equivalence of
the supersymmetric and replica approaches only when p » . A comment on this issue
is the subject of a separate publication [20]. The problem of calculating the level
cotrelation function was not addressed in [19].

2. The density of states

We are going to study the statistical properties of a real, symmetric N x N matrix
H (N - o) whose elements H; (= H;} are independent, identically distributed random
variables, with a certain even probability distribution function f(H;). As usual, it is
convenient to require the characteristic magnitude of the eigenvalues A; to be of the
order of unity. Then X, Hi=Tr H*=X%;A7~ N and therefore (Hj)~ N~', where
angular brackets denote an averaging over the distribution function f. A general form
of f(Hj) satisfying that condition is

F(z)=(1—a)8(z)+ah(z) O=a=l (1)

where it is assumed that h(z) has no 8-like singularity at z=0and a _[h(z)z2 dz~N"\.
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Hence
a~N"*" B=J‘h{z)zzcl:z"—N‘”_l O=sasl, {2)

The pos of a random matrix Hj within the scope of the supersymmetric approach is
given by the following expression [14, 21].

p(E)=(2mN) Im == (Z(E, I -0

Z(E, -’)=J‘H[d¢d CXP{EIZ ¢’T[(Ei+-’ﬁ)5g_Hy]¢’j} (3}
where
S
S(2)
o=\ ¢ =(8}", 8%, x¥, —x)
Xt

is a supervector with two real commutative components $'", §(® and two Grassmannian
components x,, x¥; [d¢;1=dSi" dS\¥ dy¥ dy,

10 0 0
o1 o o
K=lo 0 -1 o
00 0 -1

and I is the identity matrixT. By averaging we get

Ly FHCTA T O A ST (oS (5 P50 D S

Then condition (2) can be represented in the following form
h(z)shl(zN(l—alﬂ)N(l—a)/Z (5

where h,(z)~1 when z~1. Then

ln<exp(— é H,-J,-qu,f'¢j)> = ln{l + a[J. exp(— % N{“'””zdﬁqu)hl(z) dz—l]}. (6)

Depending on the value of a, two essentially different cases in equation (6) are possible.
For & <1 and N -0 we can truncate the series expansion to the first non-vanishing
term. So we have

1n<axp(— é H5¢T¢j)> =—1 aN“_'(chqu)zJ. 22hy(z) dz. (7

Therefore, in case o <1 any ensemble (1) is equivalent to the Gaussian one with the

distribution
N z*
=1/ ———exp{—-N—
Hz) 2o exP{ 20}
where o =aN* [h,(z)z° dz= Na [ h(z)z° dz.

t To find the definitions of supervectors and simplest rules of handling them see e.g. [13, 21, 22].
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Thus, the only non-trivial {i.e. irreducible to Gaussian) case is a =1. Setting
a=p/N, p~1, N-> 00 we get from equations (4)-(6):

(Z(E,Jy)= j [11dé,] exp{% Y &7 (El+IR) ¢+ 55 T 1o 0)- 1]} (8)

7(z) =Jh(t) exp(—itz) dt.

To proceed further we have to decouple the variables ¢; connected with different
sites i. The authors of papers [15, 19], following the method developed in [23], expanded
function A as a power series and decoupled every term by the introduction of auxiliary
variables (Hubbard-Stratonovich (Hs) transformation) in the usual way. The integra-
tion over the auxiliary variables could be performed for N - ¢ by the steepest descent
method resulting in an infinite set of coupled saddle-point equations. Introducing a
generating function one succeeds in rewriting this set in terms of a single integral
equation.

Instead of the previously mentioned procedure we suggest using a functional
generalization of the Hs transformation:

ng exp{— —.[ (A1l dy Tg(e) Cle, ¥ ) gy’ )+pj d[w]g(w)v(w)}
(9)
-exp{ J[dwl[dtb]v(w)c ¢, ¢ )v(w’)}

where C™'(4, ") denotes the kernel of an integral operator inverse to those with kernel

Cld, ¥).
Inserting in this 1dent1ty v() =2, 8(¢ — ;) and choosing kernel C7'(6, ¢) to
be equal to a function A(87¢)—1, we come to the following expression:

exp{—z%% [ﬁwr@)—l]}

(10)
j Dg eXD{— N J [deIldy 1g(¢) Cly, ¥ )gld) +p E {0 )}
where C (i, ') is determined by the relation
J[dx]C(¢,x)[ﬁ(x+n)—1]=3(¢, m) (11)

8(¢, 1) being 8-function in the space of supervectors.

It can be proved that the integral operator with the kernel h(¢™x)—1 can be
inverted in the space of even functions g(¢). We discuss this matter in more detail at
the end of this section.

Using (10) we transform (8) to the form:

(Z(E,j)= J‘ Dg exp{—“‘ J [de]ldy1g(¢)Cl, ¢ )g(¢)+ N In f [de]

xexpB ¢ (EI+IK)o +pg(¢).]}. (12)
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Performing the functional integration over g for NV - c0 by the steepest descent method,
we get (for J=0) the following saddle-point equation for the function g{¢):

[TdelA(e™¢) 1} exp((i/2) " Ep + pg’ o))
= , 13
&(v) [[de]exp((i/2)¢" Ed + pg(d)) (13)

In vie\Y of lhe invariance of equation (13) with respect to the transformation
g(¢)—» g(Tg), T being an arbitrary unitary supermatrix, it is natural to search for its
solution as a function g of the invariant ¢* ¢ = $2+2x*x: 57 = (§')*+ (8", In this
case the denominator in equation {13) turns out to be unity (the general problem of
an integration of invariant functions over supervectors was considered in detail in
[14, 24]). Since g(¢* ) = (S +2x*x£'(S?) equation (13) after the integration aver
Grassmannian components of the supervector ¢ takes the form

g(8H=-5§ J dR exp[% ER‘2+pg"(R2)] Jr dz zh(z)J,(zRS). {i4)
g
The pos is related to the function g(S%) as follows
p(E)-——“—iRe £'(0) B"—*jdz h(z)z* (15)
]

Here and afterwards in this section a prime denotes the derivative of a function over
its argument.

Equation (14} was obtained in [15] by the replica trick with an additional assumption
that the solution to the problem is replica symmetric. In some way a supersymmetric
approach could be considered as a specific variant of the replica approach with half
the replicated fields being anticommutative variables. From this point of view our
assumption that g is a function of ¢'¢ only seems to be equivalient to a replica
symmetric ansatz, Unfortunately, we are unable to prove the absence of solutions
without this symmetry, but we believe, that it is the only ‘symmetric’ solution that is
relevant for the problem under consideration. The authors of [19] sought a solution
of equation (13) in a more general form

g(d)= A(S?) +2x*xB(S%) (16}

that results in three coupled equations for the functions A, B and Z, where Z denotes
the denominator on the right-hand side of equation (13}, One can easily make sure
that the condition A'= B is consistent with that system of equations and reduces it to
a single equation equivalent to equation (14). Therefore, we have shown that the
supersymmetric approach is absolutely equivalent to the replica trick for the problem

af aalonlatinn af tha dancity af ctatae
Vi walvwiaiivil vl Liiv u\;llDlly LV N . ] -

Let us now discuss the question of the existence of the quantity C, defined as the
kernel of the operator inverse to -1 (see equation (11)}. Such an inversion could be
performed only in the absence of zero eigenvalues of the operator h — 1. According to
the definition, eigenfunctions f and eigenvalues A of that operator satisfy the following
equation

j' [du A6 v) - 1 (0) = AF(). (17)

Let us look for eigenfunctions in a general form
(o) =f(SV, S+ (S, S¥)x*x. (18)
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Performing the integration over Grassmanian variables x*, ¥ we reduce equation (17)
to the system of integral equations:

dRVdR® .
_JT[h(RS)—I]fz(R)=Af1(S)
(19)
dRVdRY® .
_JR—ZWR—I:"(RS)j}(R)=Afz(S)-

Taking into account the invariance of this system with respect to O(2)-rotations we
should look for its solution in the form:

£(8)=£1"(S?) exp(im¢,) t=1,2

where ¢, is the polar angle of the vector §; and m is an integer number.
Performing the integration over angular variables we get

—i” I dR R J‘ dz h(2)[Jn(2RS) = 8o 1 [3(R?) = Af{7(S7)
(20)
—i" J dRR J‘ dzh(z2)J,(zRS)f{™ (R?)) = Afi™(S2).

Due to the fact that h{z) = h(—z) the left-hand side of equations (21) vanishes for odd
m and any f{2(8%), so A =0. That means, that we should consider the operator k —1
acting within the space of even functions f(S) f(—8).

Far even m # 0 and special form of distribution function h{z) =3[8(z — 1)+ 8{z +1}]
investigated in [15, 19], an integral transform in the left-hand side of equation (20} is
nothing but the well known Hankel transform and we immediately find that A = 1.
It is easy to show that A ==1 for m =0 as well. It is possible to prove the absence of
zero modes for more general distribution functions h(z) also, so that an operator
inverse to fi—1 exists in the space of even functions for any reasonable distribution
function h(z).

As previously mentioned, equation (14) was investigated in [15] in the limit of
p » 1, the leading term of an expansion in a power series of 1/p reproduces the Wigner
‘semicircular’ law for p(E). The tails of the pos are described by an expression which
is non-perturbatiove with respect to 1/p (~exp(~p)).

It seems useful to us to study equation (14) for small p« 1 as well. Let us write its
solution as a power series

g(8) =g (8N +pg (S +p'gP(SH+... (21)

Solving equations (14) by iteration we get

3 202
g(m(sz):——[dzh(z)[l_exp( IZZES )]

) 2y — __i:l_ (—izlsz)}
g '(87) _[dyh(y)_[dzh(Z){exp[[z(E_(yz/E))] expl =

and so on. For the pos we have correspondingly
p(E)=p(E)+pp " (E)+p*p(E)+... (23}
p(E)=8(E) p"(EY=h(E)-8(E),.... (24)

(22)
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This expansion is quite transparent and corresponds to step-by-step consideration of
cantributions of finite clusters of growing range. The simplest cluster corresponding
to a row with all elements equal to zero gives the contribution to g(E) of the form
exp(—p)8{E}=(1-p+...)8(E). The following cluster is generated when two sites
break away: J,,, # 0; J,, =0 for any i # n and J,, =0 for any j # m. Its contribution to
p(E) has the form ~p exp{—2p)h(E). Evidently, these contributions are reproduced
correctly by (24). We should remark that the infinite cluster arises only above the
percolation threshold p. =1 and gives no contribution to the series expansion in powers
of p. Meanwhile, contributions of finite clusters are not taken into account by the series
expansion in powers of 1/p of [15], as they have a non-perturbative form with respect
to 1/p (they are proportional to e™™}.

3. Level correlation function

Let us determine a correlator of eigenvalues in a standard way

- e -55) 1o

(25)
= P Re K_,.(E, r)
where
Keonl B, 1) = K(E, 1)~ N"XTr(E, - H) "X TH(E,— H)™)
K(E, r)=N"XTu(E,—H) "' Tr(E,— H)™Y) (26)
E1=E+§r§+i£ EZ=E—$'—i£ £->+0.

Introducing a double set of variables ¢, s=1,2, we can write K(E, r) in the form

& s
K(E, r)=(2N) 2W<Z(E’ r, TN (27)
Z(E,1r,J¥) = I [[de!"] exp{% T qu”*DEf’L@}”} (28)
LS LLY
DY = [E+(E%+is)Ls+J“’IZ:|8U—H.-- L=(=1y""

For the sake of convenience we will omit the symbol of the identity matrix I henceforth.
Averaging equation (28} we get

(Z(E, r,d))= J. T[de.] exp{% ¢ LE+IR)e +% ¢+(—2-)’-V-+is)¢

pa AT ) —
t ¥ [h{oi Ley) 1]} (29)

i<j
where we have united supervectors ¢%*

vector
8"
= (¢5”)

,§=1,2 into a single eight-component super-



2280 A D Mirlin and Y V Fyvodorov
and L, J are now diagonal 8 x8 matrices with elements L, and J' correspondingly.

Now we can use the functional generalization of the us transformation in (10) again,
but with h(qb quJ) substituting for h(d: ;). As a result we obtain:

(Z(E,r,]))= j Dg GXP{——“ J‘ (derIldeTg(¥) C (4, ¢ g(¥)+ N In J [de]

xexp[% qs*[fi(E+fk)+2—;¢+ie]¢+pg(¢)]}. (30)
Then the saddle -point equation has the following form:
oty L L481A(¢" L)~ 1] expl(/DES™ L —(2/2)9" &+ pe(d)], (31)

[[d¢]expl(i/2)Ed* Lo —(/2)d" &+ pg(e)]

The structure of equation (31) suggests an idea to seek its solution in the form of a
function of two invariants: go(x, y); x=¢"¢, y= & L¢. Then the denominator in
equation (31) turns out to be equal to unity for the same reason as in equation (13).
It is easy to notice that equation (31) is invariant {for £ 0) with respect to a
transformation g(¢) - g(Td>) a supermatrix T satisfying the condition

TiT=L (32)

Thus, if go(¢" ¢, ¢+I:¢) is a saddle-point, then equation (31) is satisfied as well by
any function gr(¢) of the following form:

gr(d)=glo T To, 6" Lo). (33)

Therefore there is a whole family of saddle-point functions gr(¢) giving a contribution
to the integral (30) calculated by the steepest descent method. To separate the integra-
tion over that manifold in an explicit way, it is convenient to make a shift in a variable
g{¢) under sign of integral (30):

i
g(¢)—>g(d))+5¢ (LJK +5«§)¢ (34)

Then equation (30) reduces to the form

A 'N ] AaA '
(Z(E,r, )= J Du(f) exp{’? f (aw Ty Ter () COo, 1 LR +37 )0 } (35)

According to the definition of the kernel C(y, "} cf (11)) we have

J [dg1[dy'1C(p, w) g Ay L)~ 1]1=g(n). (36)

Expanding equation (36) in a power series of n to terms of the order of 7, we get
j (w00 1g(9) C(, W0y == 5 (EGL) s (37)
P =53n§(57;)ﬁ n=0 (38)

where indices @, 8=1, ..., 8 in equations (37) and (38) number components of super-
vectors. It goes without saying that the difference between left and right derivatives in
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equation (38) make sense only for the differentiation with respect to Grassmannian
components of a supervector.
Inserting equation (33) into (38) we have

Bgr(n) -y A
Glz=="  =2g0 (T 1) o +2g0, L. 39
.8 anaamﬂ“o gox{ Y. Loyl p (39)
where
_ 98dx, y) _ 98l ¥)
. ax x,y=0 ¥ 3}’ xy =0

Using equations (37) and (39) we transform (35) into the following form:

f) ex_pI SN Strl g + —-1 l (40)
L B

2N )

N)

a1l 27
T

where symbol Str stands for the supertrace [13, 21,22].

Now it is necessary to dwell on the question about a region and a measure of
integration in (35) and (44¢). Applied to Gaussian ensembles this was originaily
considered by Efetov [13] and it was then carefully worked out in [14, 21, 24]. The
analysis carried out there turns out to be anplicable to our case and shows that a region
of integration is the graded coset space UQSP(2, 2/2, 2)/UOSP(2, 2) x UOSP(2, 2) and
Du(T) is the corresponding invariant measure.

Before obtaining the final expression for K(E, r) we find the expression for the
Dos in terms of the functions gy(x, ¥}. We have (cf (3) and (15))

LT T+ g,

ol [tE3

{Z(E,r I))=J[D},L

1
p(E)=1—= ] Lpaj{,,)(Z(E 1IN sipy=o
Zox " ir pp
- BJ Du( ) SR ) exp{ 55 8ox Ste(T T)]. (41)

The general method of calculation of integrals over graded coset space was presented
in 14,21, 24]. For the present case it reduces to the fact that the integral in (41)
is equal to the integrand with the matrix T replaced by the identity matrix,
Finally we obtain

2
p(E)=~—— 8o, (42)
B
Thic avmaraccinn ho AvIita trancnarant maaning Indaad ea lang nad BY Anac mnt
11118 CXPression nas a Uil (ransparent meaning. snadeq, sO 0Ng as pio; GOCs Not
1

change on a scale of the order of N™', we can let r tend to infinity keeping r< N
during the calculation. Then it is the single saddle-point function gu(x, ¥} that con-
tributes to the integral (30) for (Z(E, r, J)). Calculating this integral by the steepest
descent method we come back to the expression {42).

Returning to the computation of the correlator K(E, r) we have from (27) and (40):

.l a 1+ L
K(E r)= J.Dp,(T)—"-Str{[goXT+T+go_,.]T‘K}

-~ - l—i A 1 L. TN
XStr{[ngTJrT—goy]—-—K}exp(—z—;j gox Str T T). (43)
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Subtracting a disconnected part of the correlation function
4
Kdisc(Ep r) = K(E, r—>00) =-§ (g(%x _gg_\')

we get

ng + +LK A+A1"‘L‘IZ
E, Du{(T) St TT——“ —_—
KenlE, 1) =258 U u )Sr[ ) ]Str[TT ~Lf

X exp{-—% gox Str T f"} - 1]. (44)

This result coincides exactly with the corresponding expression for the Gaussian
orthogonal ensemble obtained by means of a supersymmetric approach [13, 14, 21]
with a patural replacement of the density of states of GOE by p(E) from (42). A
calculation of the integral [13] leads to Dyson expression [5]:

1 sinr, d {sinr,\ [sinrt
ESGOE(E, ri=1- r§ —dl‘e( v )J-l p de Fe-‘n'rp(E).

So, the Dyson universality hypothesis seems to be proved for the case of sparse random
matrices. However, the following contradiction arises at this point. Indeed, as previously
mentioned, the infinite cluster is absent when p<p.=1. Therefore, the correlator
S.on( E, r) has to vanish. On the other hand, as the pos is finite, (42) and {44) give a
non-vanishing value of 5.,,.(E, r}). To analyse this question let us investigate the
analytical properties of the solution of (31} when p « 1. Using an expansion in powers
of p we have in close analogy with (21) and (22}

g=g%rpg+pig P+, .
=2
g(O): _ J dzh(z)[l —-exp{-—-!‘;— ¢+(Ef+i8)—l¢}j|
‘ (45)
gV= j dy h(y)J dz h(z){—exp(—% z2¢+(Eﬁ+is)"‘¢a)

" ) yZ -1
+exp( q{) [EL+!E—m] d))]

Considering, for the sake of convenience, the distribution h(z) to be Gaussian

2
h(z) = \/5“; exp(—%—c—)

we get the following expression for g®”

o o
= & X - 1 46
& \/a+i¢+L(E+iaL)“‘¢ (46)

We can see that apart from its smgular point (E =0 and ¢* L¢ = 0) the function g*'(¢)
depends on the invariant y = ¢ Ld) only and is independent of x = ¢ ¢. That is why
it proves to be invariant with respect to rotations generated by the matrices T satisfying
condition (32). It is easy to make sure that such an invariance holds for higher order
terms in the expansion (45) as well. So there is a single (invariant) saddle-point only
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contributing to (Z(E, r, J)) that leads to the vanishing of the connected part of the
level correlator S, (E, r).
Meanwhile, expanding the function g'”’(¢) to second order terms in ¢ we get

ge) = 2{; ¢ L(E+iel) ¢ +0(¢%). (47)

We see that now g'”(¢) depends on both invariants x and y this leads according to
(42) to the correct expression for p°Y( E) = 6(E). Thus, in spite of the invalidity of the
expansion (47) for E -0, this way results in a valid expression for the pos.

The situation is qu1te analogous for the higher order terms in p as well. The function
g(¢) is singular for ¢* ch) 0 and energy E lying in a spectrum of the matrix HA. When
calculating the pos, we can consider the energy E to have an imaginary part and
expand g(¢) as a power series in ¢ along lines similar to (47). If we now let E tend
to the real axis, the coefficient of ¢* ¢ in that expansion gives the correct value of p( E).

When calculating the correlation function K(E, r) we have, in contrast, to consider
the energy E to be a real number from the very beginning, which invalidates an
expansion analogous to (47). As we have seen previously, the true function g{¢) does
not depend on ¢ "¢, which means the level correlations vanish.

To analyse the situation at p>1 we use the relationship between the sparse Rm
model and the Anderson model on the Bethe lattice, characterized by the Hamiltonian:

H= Zsc a+ Y el ty=1%, (48)
(i

For the sake of simplicity we take the diagonal matrix elements of the Hamiltonian
of the Anderson model to be equal 1o zero. As to the nearest- neighbour matrix elements
1;, WE would consider them io be real lucuu\.auy distributed random numbers with a
distribution function A{t). Moreover, let us now consider the branching number of the
lattice at any site to be a random variable independently distributed according to
the Poisson law with a mean value equal to p. It is clear that any non-trivial distribution
of diagonal elements &, could be easily included within the scope of the supersymmetric
approach in this as well as the rm model. Using this approach we introduce an

eicht-comnanent sunarvector Js at gvery lattice site | and defin fl—un nartition functiagn
gigni=component superveCior il §1 16 GCONnS o paniuen mncluon

analogously to (28). Let G,(qb) denote the result of integrating out all variables
¢ attached to sites belonging to [th branch of the lattice originating in a site
i (I=1,..., k; ki-branching number of the lattice in the site i). Then function G{¢;),
site j being the neighbour of site i towards the origin of the Bethe lattice, is given in
terms of Gi(¢;) by the following expression:

i + i + - +F i
G(d’j) = J- [dé:] exP{E E¢pi L, =(&/2)¢; ‘15:} exP[”ij‘b; L] ll___[l Gi(9:). (49)
Averaging this equation over disorder and assuming that, after averaging, all the sites
of the Bethe lattice are equivalent, we easily get the self-consistent equation for
G.(¢)=(G($)):
o A i A
G, ()= j [dé1h(e™ Ley) exp{i E¢ Lo —(e/2)p" ¢ +p[Ga(d) - 1]}- (50)

It is easy to make sure this equation coincides with (31) if we denote g(¢)=G,(¢) -
and take into account that the denominator in (31) is equal to unity.
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So, the sparse RM model is intimately related to the Anderson model on the Bethe
lattice with a random Poisson-like local branching number. The local topological
equivalence between a randomly branching tree and a structure of infinite cluster of
sparse RM model was pointed out in [16]. The reason for such an equivalence is that
every closed loop in such an infinite cluster includes of order of log N sites with the
probability one. So, the existence of the loops could be neglected when N - co,

As is well known [25], there is the localization transition in the Anderson model
on the regular Bethe lattice (see also [24] and [26], where such a transition was studied
in the frame of the supersymmetric nonlinear o~model, which differs from the original
Anderson model in view of the pos being constant independent of the energy). In our
approach it manifests itself in the following way [30]. If we consider the regular Bethe
lattice with branching number k, the self-consistent equation would be analogous to
(50) with G*(¢) substituted for exp p[ G,(¢)— 1] on the right-hand side. Within the
localized phase this equation at & - 0 has a single invariant solution G(¢) depending
only on ¢+ﬁ¢. At the transition point spontaneous breaking of the invariance occurs
and a set of non-invariant solutions appears, which leads to the Goldstone (diffusion)
form of the density-density correlator (cf [24, 26]).

The close similarity of the two models suggests that an Anderson transition also
exists in the sparse rm model. Using a series expansion in powers of 1/p it can be
easily shown that at p>»1 (31) has a set of non-invariant solutions gr(¢), that are
non-singular at ¢ =0. To the leading order in 1/p it has the form:

g (@) =~i¢ LT3, TL'¢

Py =i(5—iﬁJ4 B—E?).
0 4p 14

(51)

This manifold of saddle-points has the form described by (33). We conclude, that the
localization transition in the sparse RM model occurs with a decrease in the connectivity
p at some value p,> 1 (energy E and distribution h(z) being fixed).

The main difference from the Bethe lattice is the existence of finite clusters. As a
result, at p>1 the function gi{¢) is a sum of the finite cluster contribution gs.(¢)
(given by a series in powers of p, (45)) and the infinite cluster contribution g.{(¢). At
1< p<p both gs,(#) and g;.(¢) are invariant, i.e. depend on ¢+ L only. As it is
easy to show, this leads to the following expression for the correlator:

2mip(E)
Kcon(Es F') = ik

(52)
resulting in the vanishing of S...(E, r).

At p> p, the function g,{¢} ceased to be invariant, which corresponds to the
delocalized states emerging on the infinite cluster. We get correspondingly

Kcnn(E: r) 22?1'_0:"_(..5'24- Kgn[pinf(E)a r] (53)

where the second term is the Dyson correlation function with the full pos p( E) replaced
by the contribution to it from the infinite cluster, which could be found by inserting
gini(@) into (42).

Qualitative arguments in favour of the vanishing of level correlations in localized
phase were presented in [13]. This effect was recently observed by computer simulation
of the two-dimensional disordered tight-binding model with spin-orbit coupling [27].
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The question about energy-level correlation in disordered samples was also addressed
in [28].

4. Conclusion

To study the statistical properties of the sparse rRm model we used the supersymmetric
approach and obssrved close similarity between the model under consideration and
the Anderson model on the Bethe lattice: in both models there is a delocalization
transition manifesting itself as the spontaneous breaking of UOSP(2,2/2,2) global
invariance by the solutien of the basic integral equation.

Depending on the value of the ‘mean connectivity® parameter p the behaviour of

the system changes crucially. At p<1 there are only finite clusters. At 1<p<p, p

hoine tha Asalanalizatisn teanciti nt iha infinita ~laetar ale Aviot lat all
Unaiig  Lilv WvivvaliLacivia Llﬂllalllull }JUIJII-’ Lil lllllllll\- \duol.ul CIIBU CAABI,D, U\.-llv ail

the eigenvectors of the corresponding random matrices are localized, which results
in the absence of eigenvalue correlations. At p> p, delocalized eigenstates emerge and
the connected correlator of level densities S_,.( E, r) acquires the Dyson form with the
full pos replaced by the contribution from the infinite cluster.

It would be interesting to study in more detail the properties of the sparse rM
model in the vmlmtv of the transition nnmt b within the scope of the qnnprqvmmptrw

ol e Rl iAol Wil vWaILILID LEIL LA S S s R LA

approach as well as by direct computer 51mulat10n. We also hope that the supersym-
metric approach could be useful for investigating the statistical properties of other
classes of rm, e.g. asymmetric random matrices [29], which are relevant to neural
networks and quantum chaos problems. We consider all this to be the prospect of
future investigations.
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